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Abstract. In this paper, we mainly consider the local indistinguishability of the set
of mutually orthogonal bipartite generalized Bell states (GBSs). We construct small
sets of GBSs with cardinality smaller than d which are not distinguished by one-way
local operations and classical communication (1-LOCC) in d ⊗ d. The constructions,
based on linear system and Vandermonde matrix, is simple and effective. The results
give a unified upper bound for the minimum cardinality of 1-LOCC indistinguishable
set of GBSs, and greatly improve previous results in [Zhang et al., Phys. Rev. A
91, 012329 (2015); Wang et al., Quantum Inf. Process. 15, 1661 (2016)]. The case
that d is odd of the results also shows that the set of 4 GBSs in 5 ⊗ 5 in [Fan, Phys.
Rev. A 75, 014305 (2007)] is indeed a 1-LOCC indistinguishable set which can not be
distinguished by Fan’s method.
Keywords : maximally entangled states, generalized Bell states, local indistinguishability
1. Introduction
In quantum mechanics, any set of orthogonal states can be discriminated. In general, for
bipartite systems, local operations and classical communication (LOCC) is not sufficient
to distinguish among orthogonal states [1, 2, 3, 4]. Any two orthogonal states can be
perfectly distinguished by LOCC, a complete orthogonal basis of maximally entangled
states (MESs) is locally indistinguishable, deterministically or probabilistically [5, 6, 7].
The nonlocal nature of quantum information is revealed when a set of orthogonal states
of a composite quantum system cannot be perfectly distinguished by LOCC. This has
been very useful in exploring quantum nonlocality and its relationship with entanglement
[1, 3, 5, 8].
It is known that d+1 or more MESs in d⊗d are not perfectly locally distinguishable
[6, 7, 9]. Therefore, it is natural to ask whether a set of N ≤ d orthogonal MESs in d⊗d
can be perfectly distinguished by LOCC for d ≥ 4 [10]. Firstly, Ghosh et al. [9] showed
examples of sets of d generalized Bell states (GBSs) in d⊗ d for d = 4, 5 that cannot be
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perfectly distinguished by one-way LOCC (1-LOCC) [11]. Fan [7] provided an example
of 4 GBSs in 5⊗5 that potentially cannot be distinguished by LOCC since Fan’s method
[6] does not work for the example. Bandyopadhyay et al. [12] gave examples of sets of
d − 1 GBSs in d ⊗ d for d = 5, 6 that cannot be distinguished by 1-LOCC. Yu et al.
[13] constructed a set of 4 MESs in 4 ⊗ 4 which is indistinguishable by positive partial
transpose (PPT) operations.
Recently, Zhang et al. [14] defined the function f(d) which is the minimum
cardinality of 1-LOCC indistinguishable set of MESs in d ⊗ d, and proved that
f(d) ≤ ⌈d+4
2
⌉. Wang et al. [15] constructed a 1-LOCC indistinguishable set of 3⌈√d⌉−1
GBSs, proved that 3 GBSs in d⊗ d (d ≥ 4) are always LOCC distinguishable [16], and
there exist a 1-LOCC indistinguishable set of 4 MESs in d⊗ d (d ≥ 4) [15, 11].
Obviously, if d ≥ 4, then f(d) ≤ 4. Meanwhile Fan [6] showed that if d is prime then
a set of l GBSs satisfying l(l−1)
2
≤ d in d⊗d is LOCC distinguishable. Hence the function
f(d) can not describe Fan’s result. It is natural to define the function fGBS(d) which
is the minimum cardinality of 1-LOCC indistinguishable set of GBSs in d ⊗ d. By the
result in [14, 15, 17], fGBS(d) ≤ min{⌈d+42 ⌉, 3⌈
√
d⌉ − 1}. It is known that fGBS(2) = 3,
fGBS(3) = 4, fGBS(4) = 4 and fGBS(5) = 4 [2, 10, 9, 12, 16, 18, 19]. In general, for
d ≥ 5, fGBS(d) ≤ min{⌈d+42 ⌉, 3⌈
√
d⌉ − 1} which often is loose and not a exact value of
fGBS(d). For example, fGBS(5) = 4 [6, 12, 16] and min{⌈5+42 ⌉, 3⌈
√
5⌉ − 1} = 5. Till
now, though there is a set of 8 mutually unbiased bases (MUB) in the space C7 [6, 20],
the exact value of fGBS(7) is unknown.
In this paper, we focus on constructing the general 1-LOCC indistinguishable set
of GBSs in d ⊗ d. When d is odd, we show that there exist 1-LOCC indistinguishable
sets of modd GBSs where modd is not more than
min{d+ 3
2
, ⌊d+ 1
4
⌋ + 5, 2⌈
√
d⌉+ ⌈⌈
d−1
4
⌉
⌈√d⌉ ⌉}, (1)
so fGBS(d) ≤ modd. In particular, fGBS(7) ≤ 7+32 = 5 and this together with Fan’s result
[6] imply fGBS(7) = 5. When d is even, we construct 1-LOCC indistinguishable sets of
meven GBSs where meven is not more than
min{⌈d
4
⌉+ 3, 2⌈
√
d+ 2
2
⌉ + ⌈ ⌈
d+1
4
⌉
⌈
√
d+2
2
⌉
⌉}, (2)
so fGBS(d) ≤ meven, fGBS(4) ≤ 4 [16, 18, 19], fGBS(6) ≤ 5 and fGBS(8) ≤ 5. For
1-LOCC indistinguishability of the states, a simple and effective method is presented
which is based on linear system and Vandermonde matrix. Our results imply that the
set of 4 GBSs in 5⊗5 in [7] is really a 1-LOCC indistinguishable set, this is an interesting
example since Fan’s method [6] does not work for this case.
The rest of this paper is organized as follows. In Sec. II, we recall some relevant
notions and results. In Sec. III, the local indistinguishability of GBSs is discussed for
the case that d is odd. In Sec. IV, the local indistinguishability of GBSs is considered
for the case that d is even. At the end, in Sec. IV, we draw the conclusion.
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2. Preliminaries
Consider a Hilbert space with dimension d, {|j〉}d−1j=0 is the computational basis. Let
Um,n = X
mZn, m, n = 0, 1, . . . , d− 1 be generalized Pauli matrices constituting a basis
of unitary operators, and X|j〉 = |j + 1 mod d〉, Z|j〉 = wj|j〉, w = e2pii/d.
In a quantum systemHA⊗HB of dimension d⊗d, the canonical maximally entangled
state |Φ〉 in d⊗d is |Φ00〉 = (1/
√
d)
∑d−1
j=0 |jj〉. We know that (I⊗U)|Φ〉 = (UT ⊗I)|Φ〉,
where T means matrix transposition. Any maximally entangled state can be written as
|Ψ〉 = (I ⊗ U)|Φ〉 where U is unitary. If U = XmZn, the states
|Φm,n〉 = (I ⊗ Um,n)|Φ〉 (3)
are called generalized Bell states. For simplicity, denote Um,n = X
mZn
.
= (m,n), and
{(I ⊗ Um,n)|Φ〉} .= {Um,n} .= {XmZn} .= {(m,n)}.
For a set of GBSs Sd = {(mj , nj)}lj=1, the corresponding pairwise difference set ∆U
means
∆U = {(mjk, njk)|mjk = mj −mk, njk = nj − nk, j 6= k}.
Lemma 1 ([17]) In d ⊗ d, a set {|Φmjnj〉}lj=1 of l GBSs (l ≤ d) can be perfectly
distinguished by 1-LOCC if and only if there exists at least one state |α〉 for which the
set {Umjnj |α〉}lj=1 are pairwise orthogonal.
Lemma 2 Let Wd×d = [wij]d−1i,j=0 = [|wj〉]d−1j=0 be a Vandermonde matrix where |wj〉
is a column vector. If k ≤ d, 0 ≤ i1 ≤ d − 1, 0 ≤ j1 < · · · < jk ≤ d − 1, then each
submarix
W
(
i1 i1 + 1 · · · i1 + k − 1
j1 j2 · · · jk
)
=


wi1j1 wi1j2 · · · wi1jk
w(i1+1)j1 w(i1+1)j2 · · · w(i1+1)jk
· · · · · · · · · · · ·
w(i1+k−1)j1 w(i1+k−1)j2 · · · w(i1+k−1)jk


of Wd×d is invertible.
Proof. If k = d, since w = e2pii/d, det(Wd×d) =
∏
0≤i<j≤d−1(w
j − wi) 6= 0. If k < d, we
have det(W
(
i1 · · · i1 + k − 1
j1 · · · jk
)
) = wi1(j1+···+jk)
∏
1≤l<m≤k(w
jm − wjl) 6= 0.
3. Constructions of 1-LOCC indistinguishable set when d is odd
In this section,assume that d is odd and d ≥ 5 since the case d < 5 is known. We
present our families of examples with different methods. The first family is inspired by
Fan’s example that there is a potentially LOCC indistinguishable set of 4 GBSs in 5⊗5
[7]. The second family improves the results in Zhang et al. [14]. The last family is a
generalization of the results in Wang et al. [15].
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Lemma 3 Let Sd = {(mj , nj)}lj=1 be a set of GBSs, I1 .= {(1, i)}d−1i=0 . If there
exists i0 such that 0 < i0 < d− 1 and ∆U ⊇ I1 ∪ I0 where I0 = {(0, i)}i0+⌊
d
2
⌋−1
i=i0
, then Sd
is 1-LOCC indistinguishable. In particular, the assertion holds if the set I0 is replaced
with {(0, i)}⌊
d
2
⌋
i=⌊ d
2
⌋−⌈ d−1
4
⌉+1.
Proof. Suppose that Sd can be distinguished by 1-LOCC, then by Lemma 1, there
exists a normalized vector |α〉 = ∑d−1j=0 αj|j〉 such that {Umjnj |α〉 : {(mj, nj)} ⊂ Sd} is
a orthonormal set. It means that 〈α|U †mjnjUmknk |α〉 = 0, j 6= k. So 〈α|Umkjnkj |α〉 = 0.
Hence ∆U ⊇ I1 implies 〈α|U1i|α〉 = 0, i.e., 〈(α∗jαj+1)d−1j=0|wi〉 = 0 where (α∗jαj+1)d−1j=0 =
(α∗0α1, α
∗
1α2, . . . , α
∗
d−1α0). Therefore (α
∗
jαj+1)
d−1
j=0 is a zero vector since {|wi〉}d−1i=0 is a
base. This ensures that there is at least ⌈d
2
⌉ αj = 0, we can assume
αc1 6= 0, · · · , αcn 6=0, n ≤ ⌊
d
2
⌋. (4)
On the other hand, denote bi
.
= 〈wi|(|αj|2)d−1j=0〉 the Fourier coefficient of the vector
(|αj|2)d−1j=0 with respect to the base {|wi〉}d−1i=0 . Then b0 = 1 (|α〉 is a normalized vector)
and |(|αj|2)d−1j=0〉 =Wd×d|(bj)d−1j=0〉, i.e.,
W ∗d×d|(|αj|2)d−1j=0〉 = |(bj)d−1j=0〉. (5)
Similarly, ∆U ⊇ I0 implies 〈α|U0i|α〉 = 0, i.e.,
〈(|αj|2)d−1j=0|wi〉 = 0 = bi, i = i0, · · · , i0 + ⌊
d
2
⌋ − 1. (6)
It follows from (4)-(6) that
W ∗
(
i0 · · · i0 + ⌊d2⌋ − 1
c1 · · · cn
)
|(|αcj |2)nj=1〉 = |0〉. (7)
This means the linear system W ∗
(
i0 · · · i0 + ⌊d2⌋ − 1
c1 · · · cn
)
X = |0〉 has a nonzero
solution |(|αcj |2)nj=1〉. By Lemma 2, rank(W ∗
(
i0 · · · i0 + ⌊d2⌋ − 1
c1 · · · cn
)
) = n ≤ ⌊d
2
⌋.
This is a contradiction.
In particular, if the set I0 is replaced with {(0, i)}⌊
d
2
⌋
i=⌊ d
2
⌋−⌈ d−1
4
⌉+1. Then 〈α|U0i|α〉 = 0
which is equivalent to 〈α|U0,d−i|α〉 = 0, i.e.,
〈(|αj|2)d−1j=0|wi〉 = 0 = 〈(|αj|2)d−1j=0|wd−i〉.
So ∆U ⊇ {(0, i)}⌈
d
2
⌉+⌈ d−1
4
⌉−1
i=⌊ d
2
⌋−⌈ d−1
4
⌉+1 and the assertion follows by 2⌈d−14 ⌉ ≥ ⌊d2⌋ = |I0|.
3.1. LOCC indistinguishable set of d+3
2
GBSs
At the end of [7], Fan gave a set of GBSs S5 = {(0, 0), (2, 0), (1, 1), (1, 3)}with particular
interest because the set can not be LOCC distinguished by Fan’s method in [6] and thus
it potentially can not be LOCC distinguished. In this subsection, it is shown that there
exists a LOCC indistinguishable set of d+3
2
GBSs which implies that Fan’s set of 4 GBSs
in 5⊗ 5 is indeed a 1-LOCC indistinguishable set.
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Theorem 1 Let Sd = {(0, 0), (2, 0), (1, 2i− 1), i = 1, · · · , d−1
2
} be a set of GBSs,
then Sd is 1-LOCC indistinguishable and fGBS(d) ≤ d+32 . Especially, fGBS(5) = 4,
fGBS(7) = 5.
When d is odd, the cardinality of Sd (|Sd| = d+3
2
) in Theorem 1 is smaller than the
result in Zhang et al. [14] (|Sd| = d+5
2
).
Proof. Suppose that Sd can be distinguished by 1-LOCC, according to Lemma 1,
there exists a normalized vector |α〉 = ∑d−1j=0 αj|j〉 such that {Umjnj |α〉 : {(mj , nj)} ⊂
Sd} is a orthonormal set. It means that 〈α|Umkjnkj |α〉 = 0, j 6= k. By assumption,
∆U ⊇ {(0, i)}d−2i=2 ∪ {(1, i)}d−1i=1 ∪ {(2, 0)}. We will show that ∆U ⊇ {(1, 0)}. In fact,
by ∆U ⊇ {(1, i)}d−1i=1 , i.e., 〈α|U1i|α〉 = 0, we have |(α∗jαj+1)d−1j=0〉 = λ|w0〉 = λ(1, · · · , 1)T .
If λ 6= 0, then αj 6= 0, α∗jαj+2 =
α∗jαj+1α
∗
j+1αj+2
|αj+1|2 =
λ2
|αj+1|2 . So |(α∗jαj+2)d−1j=0〉 =
λ2|(|αj+1|2)d−1j=0〉 and it contradicts with ∆U ⊇ {(2, 0)}. Therefore λ = 0, ∆U ⊇ {(1, 0)}.
By Lemma 3, Sd is indistinguished by 1-LOCC and this is a contradiction.
3.2. LOCC indistinguishable set of 5 + ⌊d+1
4
⌋ GBSs
In this subsection, assume that d ≥ 9 since the case d ≤ 7 is known.
Theorem 2 Let Sd = {(1, 2i − 1)}⌊
d+1
4
⌋
i=1 ∪ {(0, 0), (1, 0), (1, 1), (1, ⌊d2⌋), (1, ⌈d2⌉)} be
a set of GBSs, then Sd is 1-LOCC indistinguishable and fGBS(d) ≤ 5 + ⌊d+14 ⌋.
When d is odd and d ≥ 9, the cardinality of Sd (|Sd| = 5+ ⌊d+1
4
⌋) in Theorem 2 is
smaller than the result in Zhang et al. [14] (|Sd| = d+5
2
). When d ≥ 13, |Sd| in Theorem
2 is not more than |Sd| in Theorem 1. See Table 1 for comparison of |Sd| in [14] and
Theorem 2.
Proof. It is easy to check that ∆U ⊇ {(0, i)}
d−1
2
i= d−1
2
−⌈ d−1
4
⌉+1 ∪ {(1, i)}
d−1
i=0 . Hence the
assertion follows by Lemma 3.
3.3. LOCC indistinguishable set of no more than 2⌈√d⌉ + ⌈ ⌈ d−14 ⌉⌈√d⌉ ⌉ GBSs
In this subsection, assume that d ≥ 9.
Wang et al. [15] constructed a set of 3⌈√d⌉ − 1 GBSs Here we construct a small
set of GBSs with |Sd| ≤ 2⌈√d⌉+ ⌈ ⌈ d−14 ⌉⌈√d⌉ ⌉ based on Lemma 4.
Lemma 4 Let m be a positive integer, Sd(m) = {(0, i)}m−1i=0 ∪ {(1, im − 1)}
⌈ d
m
⌉
i=1 ∪
{(0, d−1
2
− im)}⌈
⌈ d−1
4
⌉
m
⌉−1
i=0 a set of GBSs, then S
d(m) is 1-LOCC indistinguishable and
|Sd(m)| = m+ ⌈ d
m
⌉ + ⌈ ⌈ d−14 ⌉
m
⌉.
Proof. Since ∆U ⊇ {(0, i)}d−1i=1 ∪ {(1, i)}d−1i=0 , the assertion follows by Lemma 3.
Theorem 3 If ⌊√d⌋2 ≤ d ≤ ⌊√d⌋⌈√d⌉, then there exists a 1-LOCC
indistinguishable set Sd of GBSs with |Sd| = ⌊√d⌋+⌈√d⌉+⌈ ⌈ d−14 ⌉⌈√d⌉+k1 ⌉ where k1 = max{k :
d ≤ (⌊√d⌋ − k)(⌈√d⌉ + k)}; if ⌊√d⌋⌈√d⌉ < d ≤ ⌊√d⌋(⌈√d⌉ + 1), then there exists a
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Table 1. Comparison of [14, Theorem 1] (|Sd| = d+5
2
) and Theorem 1-2 (|Sd| = d+3
2
,
|Sd| = 5 + ⌈d
4
⌉).
d 5 7 9 11 13a 15 17 19 29 35b 39 49 59 69 79 89 99
|Sd| in [14] 5 6 7 8 9 10 11 12 17 20 22 27 32 37 42 47 52
|Sd| in Theorem 1 4 5 6 7 8 9 10 11 16 19 21 26 31 36 41 46 51
|Sd| in Theorem 2 7 8 8 9 9 10 13 14 15 17 20 23 25 28 30
a|Sd| in Theorem 2 is not more than |Sd| in Theorem 1 when d ≥ 13.
Table 2. Comparison of [15, Theorem 1] (|Sd| = 3⌈
√
d⌉ − 1) and Theorem 3
(|Sd| = ⌊
√
d⌋+ ⌈
√
d⌉+ ⌈ ⌈
d−1
4
⌉
⌈
√
d⌉+k1 ⌉, |S
d| = ⌊
√
d⌋+ ⌈
√
d⌉+ 1 + ⌈ ⌈
d−1
4
⌉
⌈
√
d⌉+1+k2 ⌉).
d 5 7 9 11 13 15 17 19 29 35b 39 49 59 69 79 89 99
|Sd| in [15] 8 11 11 11 14 14 17 17 20 20 23 26 26 29 29
|Sd| in Theorem 3 7 8 9 9 10 10 13 14 15 16 18 19 20 22 23
b|Sd| in Theorem 3 is not more than |Sd| in Theorem 2 when d ≥ 35.
1-LOCC indistinguishable set Sd of GBSs with |Sd| = ⌊√d⌋ + ⌈√d⌉ + 1 + ⌈ ⌈ d−14 ⌉⌈√d⌉+1+k2 ⌉
where k2 = max{k : d ≤ (⌊
√
d⌋ − k)(⌈√d⌉+ 1 + k)}.
Proof. If ⌊√d⌋2 ≤ d ≤ ⌊√d⌋⌈√d⌉, by Lemma 4, the set Sd(⌈√d⌉ + k1) is 1-LOCC
indistinguishable with |Sd(⌈√d⌉ + k1)| = ⌊
√
d⌋ + ⌈√d⌉ + ⌈ ⌈ d−14 ⌉⌈√d⌉+k1 ⌉. Similarly, when
⌊√d⌋⌈√d⌉ < d ≤ ⌊√d⌋(⌈√d⌉+1), the set Sd(⌈√d⌉+1+k2) is 1-LOCC indistinguishable
with |Sd(⌈√d⌉+ 1 + k2)| = ⌊
√
d⌋ + ⌈√d⌉+ 1 + ⌈ ⌈ d−14 ⌉⌈√d⌉+1+k2 ⌉.
When d ≥ 35, |Sd| in Theorem 3 is not more than |Sd| in Theorem 2. See Table 2 for
comparison of |Sd| in [15, Theorem 1] and Theorem 3.
4. Constructions of 1-LOCC indistinguishable set when d is even
In this section,assume that d is even and d ≥ 4 since the case d < 4 is known. Two
families of examples are presented. The first family is inspired by examples in Zhang et
al. [14]. The second family improves the results in Wang et al. [15].
Lemma 5 Let Sd = {(mj, nj)}lj=1 be a set of GBSs, I d
2
.
= {(d
2
, i)}
d
2
i=0. If there
exists i0 such that 0 < i0 < d− 1 and ∆U ⊇ I d
2
∪ I0 where I0 = {(0, i)}i0+
d
2
−1
i=i0
, then Sd
is 1-LOCC indistinguishable. In particular, the assertion holds if the set I0 is replaced
with {(0, i)}
d
2
i= d
2
−⌈ d+1
4
⌉+1.
Proof. Suppose that Sd can be distinguished by 1-LOCC, then there exists a
normalized vector |α〉 = ∑d−1j=0 αj|j〉 such that {Umjnj |α〉 : {(mj , nj)} ⊂ Sd} is a
orthonormal set. It means that 〈α|U †mjnjUmknk |α〉 = 0, 〈α|Umkjnkj |α〉 = 0, j 6= k.
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Hence ∆U ⊇ I d
2
implies
〈α|U d
2
,i|α〉 = 0, i = 0, · · · ,
d
2
which is equivalent to
〈α|U d
2
,d−i|α〉 = 0, i = 0, · · · ,
d
2
.
So 〈(α∗jαj+ d
2
)d−1j=0|wi〉 = 0 where i = 0, · · · , d − 1 and (α∗jαj+ d
2
)d−1j=0 =
(α∗0α d
2
, α∗1α1+ d
2
, . . . , α∗d−1α d
2
−1). Therefore (α
∗
jαj+ d
2
)d−1j=0 is a zero vector since {|wi〉}d−1i=0 is
a base. This also ensures that there is at least d
2
αj = 0. The following proof is similar
to that of Lemma 3, we omit it here.
4.1. LOCC indistinguishable set of 3 + ⌈d
4
⌉ GBSs
Theorem 4 Let m be a positive integer, if (1) d = 4m and Sd = {(0, 2i −
1)}
d
4
i=1 ∪ {(0, 0), (d2 , 0), (d2 , d2 + 1)}, or (2) d = 4m + 2 and Sd = {(0, 2i − 1)}
⌈ d
4
⌉
i=1 ∪
{(0, 0), (d
2
, 0), (d
2
, d
2
)}, then Sd is 1-LOCC indistinguishable and fGBS(d) ≤ |Sd| = 3+⌈d4⌉.
In particular, fGBS(4) ≤ 4, fGBS(6) ≤ 5 and fGBS(8) ≤ 5.
When d is even and d ≥ 4, the cardinality of Sd (|Sd| = 3+⌊d
4
⌋) in Theorem 4 is smaller
than the result in Zhang et al. [14] (|Sd| = d+4
2
). See Table 3 for comparison of |Sd| in
[14] and Theorem 4.
Proof. (1) When d = 4m, suppose that Sd can be distinguished by 1-LOCC,
then there exists a normalized vector |α〉 = ∑d−1j=0 αj|j〉 such that {Umjnj |α〉}lj=1 is a
orthonormal set. It means that 〈α|Umkjnkj |α〉 = 0, j 6= k. By simple calculation,
∆U ⊇ {(0, i)}
d
2
−1
i=1 ∪ {(0, i)}d−1i= d
2
+1
∪ {(d
2
, i)}d−1i=0 .
Hence 〈α|U d
2
,i|α〉 = 0, i = 0, · · · , d−1; and 〈α|U0,i|α〉 = 0, i = 1, · · · , d2−1, d2+1, · · · , d−1.
So |(α∗jαj+ d
2
)d−1j=0〉 is a zero vector and there exists complex numbers b1, b2 such that
|(|αj|2)d−1j=0〉 = b1|w0〉 + b2|w d
2
〉 = |(b1 + (−1)jb2)d−1j=0〉. Therefore 0 = |α∗0α d
2
|2 =
|α∗0|2|α d
2
|2 = (b1 + b2)2 and 0 = |α∗1α1+ d
2
|2 = (b1 − b2)2. Thus b1 = b2 = 0, |(|αj|2)d−1j=0〉 is
a zero vector which contradicts with |α〉 6= 0.
(2) When d = 4m + 2, the assertion follows from Lemma 5 and ∆U ⊇ {(0, i)}d−1i=1 ∪
{(d
2
, i)}d−1i=0 .
4.2. LOCC indistinguishable set of no more than 2⌈
√
d+2
2
⌉+ ⌈ ⌈ d+14 ⌉
⌈
√
d+2
2
⌉
⌉ GBSs
In this subsection, assume that d ≥ 6 since the case d = 4 is known.
Similar to Lemma 4, the following result follows by Lemma 5
Lemma 6 Let m be a positive integer, Sd(m) = {(0, i)}m−1i=0 ∪ {(d2 , im− 1)}
⌈ d+2
2m
⌉
i=1 ∪
{(0, d
2
− im)}⌈
⌈ d+1
4
⌉
m
⌉−1
i=0 a set of GBSs, then S
d(m) is 1-LOCC indistinguishable and
|Sd(m)| = m+ ⌈ d+22
m
⌉+ ⌈ ⌈ d+14 ⌉
m
⌉.
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Table 3. Comparison of [14, Theorem 1] (|Sd| = d+4
2
) and Theorem 4 (|Sd| = 3+⌈d
4
⌉).
d 4 6 8 10 12 14 16 18 20 26c 30 40 50 60 70 80 90 100
|Sd| in [14] 4 5 6 7 8 9 10 11 12 15 17 22 27 32 37 42 47 52
Theorem 4 4 5 5 6 6 7 7 8 8 10 11 13 16 18 20 23 26 28
Table 4. Comparison of [15, Theorem 1] (|Sd| = 3⌈
√
d⌉ − 1) and Theorem 5 (|Sd| =
⌊
√
d+2
2
⌋+ ⌈
√
d+2
2
⌉+ ⌈ ⌈
d+1
4
⌉
⌈
√
d+2
2
⌉+k3
⌉, |Sd| = ⌊
√
d+2
2
⌋+ ⌈
√
d+2
2
⌉+ 1 + ⌈ ⌈
d+1
4
⌉
⌈
√
d+2
2
⌉+1+k4
⌉).
d 4 6 8 10 12 14 16 18 20 26c 30 40 50 60 70 80 90 100
|Sd| in [15] 8 8 11 11 11 11 14 14 17 17 20 23 23 26 26 29 29
Theorem 5 5 6 6 7 7 7 8 9 10 10 12 13 14 15 16 17 18
c|Sd| in Theorem 5 is not more than |Sd| in Theorem 4 when d ≥ 26.
Now we can show an improvement of the case that d is even of the result in Wang et al.
[15].
Theorem 5 If ⌊
√
d+2
2
⌋2 ≤ d+2
2
≤ ⌊
√
d+2
2
⌋⌈
√
d+2
2
⌉, then there exists a 1-LOCC
indistinguishable set Sd of GBSs with |Sd| = ⌊
√
d+2
2
⌋ + ⌈
√
d+2
2
⌉ + ⌈ ⌈ d+14 ⌉
⌈
√
d+2
2
⌉+k3
⌉ where
k3 = max{k : d+22 ≤ (⌊
√
d+2
2
⌋ − k)(⌈
√
d+2
2
⌉ + k)}; if ⌊
√
d+2
2
⌋⌈
√
d+2
2
⌉ < d+2
2
≤
⌊
√
d+2
2
⌋(⌈
√
d+2
2
⌉ + 1), then there exists a 1-LOCC indistinguishable set Sd of GBSs
with |Sd| = ⌊
√
d+2
2
⌋ + ⌈
√
d+2
2
⌉ + 1 + ⌈ ⌈ d+14 ⌉
⌈
√
d+2
2
⌉+1+k4
⌉ where k4 = max{k : d ≤
(⌊
√
d+2
2
⌋ − k)(⌈
√
d+2
2
⌉+ 1 + k)}.
Proof. If ⌊
√
d+2
2
⌋2 ≤ d+2
2
≤ ⌊
√
d+2
2
⌋⌈
√
d+2
2
⌉, by Lemma 6, the set Sd(⌈
√
d+2
2
⌉ + k3) is
1-LOCC indistinguishable with |Sd(⌈
√
d+2
2
⌉+ k3)| = ⌊
√
d+2
2
⌋+ ⌈
√
d+2
2
⌉+ ⌈ ⌈ d+14 ⌉
⌈
√
d+2
2
⌉+k3
⌉.
Similarly, when ⌊
√
d+2
2
⌋⌈
√
d+2
2
⌉ < d+2
2
≤ ⌊
√
d+2
2
⌋(⌈
√
d+2
2
⌉ + 1), the set Sd(⌈
√
d+2
2
⌉ +
1+ k4) is 1-LOCC indistinguishable with |Sd(⌈
√
d+2
2
⌉+1+ k4)| = ⌊
√
d+2
2
⌋+ ⌈
√
d+2
2
⌉+
1 + ⌈ ⌈ d+14 ⌉
⌈
√
d+2
2
⌉+1+k4
⌉.
When d ≥ 26, |Sd| in Theorem 5 is not more than |Sd| in Theorem 4. See Table 4 for
comparison of |Sd| in [15] and Theorem 5.
5. Conclusion
In summary, by using linear system and Vandermonde matrix, we have extended known
results on 1-LOCC indistinguishable set of GBSs in d ⊗ d. Based on the function f(d)
defined by Zhang et al., the function fGBS(d) which is the minimum cardinality of 1-
LOCC indistinguishable set of GBSs in d⊗ d is introduced. The extended results imply
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that, when d is odd, we have fGBS(d) ≤ min{d+32 , ⌊d+14 ⌋ + 5, 2⌈
√
d⌉ + ⌈ ⌈ d−14 ⌉⌈√d⌉ ⌉}; when d
is even, then fGBS(d) ≤ min{⌈d4⌉+3, 2⌈
√
d+2
2
⌉+ ⌈ ⌈ d+14 ⌉
⌈
√
d+2
2
⌉
⌉}. In particular, fGBS(7) = 5.
The extended results may lead to a better understanding of the nonlocality of maximally
entangled states. It is still an interesting open question whether we can find the exact
value of fGBS(d) for d = 6 and d ≥ 8.
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